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Abstract The acoustIc scattering by a submerged spherical elastl( shell near a free surface. which
is insonified by plane wa\'es at arbItrary angles of incidence is analyzed 111 an exact fashion using
the claSsical separation of variables technique. To satisfy the boundary conditions at the free surface
as well as on the surface of the spherical elastic shell. the mathematIcal problem is formulated using
the image method. The scattered wave fields are expanded 111 terms of the classical modal series of
spherical wave functions utilizing the translational addition theorem. Quite similar to the problem
of scattering by multiple spheres. numerical computation of the scattered wave pressure involves
the solution of an ill-conditioned complex matrix system the sIZe of which depends on how many
terms of the modal series arc required for convergence. This 111 turn depends on the value of the
frequency. and on the proximity of the spherical elastic shell to the free surface. The ill-conditioned
matrix equation is solved using the Gauss Seidel Iteration method and Twersky's method of
successive iteration cross checking each other. Backscattered echoes from the spherical elastic shell
are extensively calculated and displayed. The result also demonstrates that the large amplitude 10"
frequency resonances of the echoes of the submerged elastic shell shift upward with proximity to
the free surface. This can be attributed to the decrease of added mass for the shell vibration. The
present benchmark solution could eventuall\ be used to \',didalc those found by numerical schemes.
Published by Elsevlcr SCience Ltd.

INTRODLCTION

The scattering of sound waves by bodies near a free surface presents difficulties and
characteristics far beyond those present when the body is in a boundless space. The
backscattering cross-section of a body near the sea surface. even when the sea is perfectly
calm. often bears no resemblance to its cross-section in deep waters. far away from any
environmental boundary. For the case of an impenetrable (i.e. soft hard, perfectly conduct­
ing.etc.... ) body near a plane boundary. there have been some studies. both in the electro­
magnetic and in the acoustic literatures that have addressed some aspects of the multiple
scattering problem that results (Brunning and Lo. 1971; Gaunaurd and Huang, 1994;
Ivanov. 1968; Liang and Lo, 1967). When the body is an elastic structure, we know of no
instance in which a detailed treatment has been published. The present paper studies the 3­
dimensional scattering by an elastic spherical shell submerged near the free surface of an
acoustic half-space. when the shell is insonified by a plane wave at an arbitrary angle of
incidence. This steady-state formulation rests on the venerable method of separation of
variables and the classical method of images. In view of the presence of the image, this
becomes a multiple scattering problem truly of structural acoustics, since the scatterer and
its image are both elastic shells. Our exact analytical solution generated within the context
of linear acoustics is evaluated and graphically displayed in wide frequency bands that
extend into the 'resonance region' of the shell. The shell theory used is the popular bending
theory (Junger and Feit. 1972). This shell theory yields results that agree well with those of
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Fig. I. Geollletr\ of the problem

the 3-dimensional theory of elasticity. for the shell thickness. material. and the frequency
band we have used here. We also found that the large amplitude low frequency resonances
of the echoes of the submerged elastic shell shift upward with proximity to the free surface.
This can be attributed to the decrease of added mass for the shell vibration. The present
solution could eventually serve to validate those found by numerical schemes.

DESCRIPTIO~ OF THE PROBLEM

Figure I illu~trates the geometry of the problem. The spherical elastic shell is located
benealh the free surface. Its middle surface radius and thickness are denoted by a and 11,
respectively. Its material properties are mass density {I" Young's modulus E and Poisson's
ratio I'. The origin 0 of a spherical coordinate system (I', e, rp) coincides with the center of
the spherical shell. The azimuthal coordinate rp is not shown in the figure. The distance
from 0 to the free surface is (f2. The line joining the two apexes of the spherical shell is
perpendicular to the free surface. The mass density and sound speed of the fluid medium
in which the shell is submerged are denoted by p and c. respectively. The propagation
vector of the incident plane wave is parallel to the plane of the paper and makes an angle
7. with the normal to the free surface.

The image of the spherical shell mirrored by the free surface lies above the free surface.
The origin 0' of a second spherical coordinate system (r', 0', rp) also coincides with the
center of the image spherical shell. The primed and the unprimed spherical coordinate
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systems have identical azimuthal coordinate qJ. The distance from 0' to the free surface is
also d12.

The incident plane wave will be reflected by the frec surface and this reflected wave
plays the role of a second incident plane wave of the same magnitude, but is incident upon
the spherical shell at a different angle. Moreover, the waves scattered by the vibrating elastic
shell will also be reflected by the free surface and they will act as a third set of waves incident
upon the shell. To completely determine the scattered wave field and the echo from the
spherical elastic sheiL the wave equation governing the wave motion in the fluid medium
and the equation of motion of the shell are simultaneously solved satisfying the boundary
conditions at the free surface and on the spherical elastic sheiL

MATHEMATICAL HlRMliLATIOI\

For clarity, the following dimensionless quantities are used:

It' d
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where 11. OJ and JI denote. respectively, the radial deflection of the elastic shell. the angular
frequency of the incident wave, and the pressure in the fluid medium. The Helmholtz
equation governing the total pressure field in the fluid medium can be written as

(2)

where V: is the Laplacian and a time-dependence of exp( - iQT) is assumed. The boundary
conditions for n are

at the free surface and

n = 0

iTr,
.). = Q: ~v

i'R R~ I

(3)

(4)

on the spherical shell surface.
The mathematical expression for the incident plane wave depicted in Fig. I is (Ivanov,

1(68)

(5)

where i = 'v -I. The series expansion ofeqn (5) in terms of spherical wave functions is

where i" and P::' are respectively the spherical Bessel function of the first kind and the
Legendre function,
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2(n+m)!
/'\/11111 = -~.- .- .._-_..._--

(2n+ I )(n-m)1

bol" = 1, for m = 0

= 0, for m i= O.

(7)

(8)

The free surface will reflect this plane compression wave as a tension wave which will be
incident on the sphere at an angle of incidence (rr - 'l.). This reflected wave can be considered
as the mirror image of the incident plane wave from beneath. Its mathematical expression
in the primed spherical coordinates is

(9)

which can be expressed in the unprimed coordinate system as

(10)

The series expansion of the above eq uation is

:/. m=1I )_()

n/ll/'(R.O,tp,Q) = _2e'lWco," I. I. i"- . °"'(_1)/1 /Ij,,(QR)P~'(cosO)P~'(cos'l.)e,m'fJ.
1/ 0 /JI=() l'v mll

(II)

The sum of the above 'two' incident waves is

( 12)

At the free surface, 2RcosO = D, the sum ofeqns (5) and (10) vanishes, and it can also be
numerically demonstrated that eqn (12) vanishes there too. The wave scattered by the
sphere is

n""(R.O,(P,Q) = I. I. B/lmh,,(QR)P;;'(cosO)eim,P
n=CI m=O

(13)

where the coefficients B"", are to be determined from the boundary condition on the shell
surface and h" denotes the spherical Hankel function. The reflection of this scattered wave
by the free surface is the negative image of eqn (13),

W'" (R' .11'. tp, Q) = - I. I. B",,,h,, (QR' )P;:' (cos(rr - 8'») e'''"''.
/1= 0 /I/=()

The total pressure field is

(14)
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The addition theorem of spherical wave functions for the geometry described in Fig, I
(I vanov, 1968) has been applied to the last sum of eqn (lS) to represent it in the unprimed
spherical coordinates and the quantity Q' is

( 16)

where

!(q+m)!(n+m)'
h~""m = ( - I)'" /--_._--~- ,((1, II, 0, QG, O)(q, II, m, - mG, 0), (17)

'Ii (q-m)!(n-m),

The quantity (il.j> 111). 111: j. m) in the above eq uation is a Clebsch-Gordan coefficient.
The modal expansion of the radial deflection of the shell is

, "
~l' =' \' W P'" (cos 0) e"""L 1-" III/I Ii . '

/I={) m= ()

and the boundary condition on a spherical elastic shell can also be written as

?~nl/l')' ,
, = Q- ~V"''''

I'R H-- I

(18)

(19)

The bending theory equation of motion for the spherical elastic shell (Junger and Feit.
1972) is used here, It can be written in terms of only the radial deflection Was the following:

W = t-n,n,,(~
Il//l r ,, '

where. for a complete uniform spherical shell, I" does not contain m. and

I = [Q" - (A" !c")Q~_~An(',, - B"D,,)]

" [;\.1(C" -rf)j .

_ .: \ '") : [11(11 + I )- (l - \,) j l
A" - ( 'l- + /> l1(n + 1) j'(1 + \')

(20)
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Applying the boundary condition in eqn (19) yields

B",,, - (± (-I )" "'B,,,,,Q;,,n,,u/(R;,, &:,) ')X,,(n)
il---"U

(21 )

where

(23)

If (N+ I) terms. i.e. (q = O-N) are used. eqn (22) can be arranged into a complex matrix
equation for each III as the following:

[A](8) = (S) (24)

where A is a (/V+ I-Ill) by (N+ 1-111) complex matrix. and 8 and S are (N+ I-m)
complex vectors for each 1/1. The elements of the matrix A are

A"", = 1- Q;",,,,,,, (D. n)X,,(O)

for diagonal elements. and

A"" = - (- I )'/ "'Q;",,,,,,/(D. n)X,,(O)

for the off-diagonal elements. The elements of the vector S are

(25)

(26)

(27)

and the elements of the vector 8 are B"",. In the matrix equation. 11 and q range from 111 to
N. From this matrix equation. the complex coupled coefficients B",,, can be solved for. and
then the total or the scattered pressure field can be computed. For very large R.

h,,(Om --> i
eiilR

II! 111

OR
(28)

The total far field scattered pressure expression can be simplified as
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n""( R.I!. cpo 0)+ n'"'' (R.II'. cpo 0) =

SlJ7

e,nR f 1/ l)" I i u, I' B,,,,, P::' (cos 0) - ( - I)"
OR ni-..J11 III (I

The form function is defined as the absolute value of

R) P::' (cos 0') Je llll
"'. (29)

I, (R.I!. (p. 0) = 2R[n'''I( R. O. (p. 0) + n'''''( R.I!. cpo 0)] e illR

"lM ERICAL RESt: LIS ;\ '\ [) DISCUSSION

(30)

The complex coetlicients B"", in eqn (22) arc found by solving the truncated complex
linear system. eqn (24). exactly. The truncation. i.e. the number of terms N used for the
sums from II = 0 to II = S and if = 0 to (/ = .\" in eqns (15). (27) and (22). depends on the
degree of accuracy required. the value of n and the complexity of the wave interaction
picture. For each frequency. it is necessary to solve the complex equation. eqn (24). IV times
to tind B""I where 1/1 and II range from 0 to .\. The sizes of the matrices are
(S+ 1-1/1) x LV+ 1-1/1).

As in the case of scattering by a hard sphere ncar the free surface (Gaunaurd and
Huang. 19(4). the off-diagonal clements of the matrix \ for typical cases are in general
many orders of magnitude smaller than the diagonal clements. The matrix A is therefore
severely ill-conditioned and the linear complex system in eqn (24) is not solvable using the
Gaussian elimination type of procedures. but lends itself congenially to be solved by the
Gauss Seidel iteration technique. Notwithstanding the details. the present solution method
is similar to that of Brunning and Lo ( 1971 ). The Gauss Seidel method does not guanil1tee
convergence (Hildebrand. 1(56). In fact. In the present computation for cases where the
elastic shell is very close tl) the free surface (J) < 2.3). the method diverges in the neigh­
borhoods of some of the resonance frequencies. The present converged numerical results
are computed to 8-digits accuracy. anc! the Gauss Seidel technique requires more iterations
for larger matrices and lower values of //1. At low I7IS it requires ahout 25 and at high I7IS 2
or 3 iterations to converge to the required 8-digits accuracy. The Gauss Seidel results are
checked by those obtained by Twersky's method of successive iteration used in other
multiple scattering problems (Twersky. 195::': Liang and Lo. 1(67). In the application of
this later method. the corresponding values for the case in which the shell is submerged in
an infinite fluid mediLlm are first llsed for BII ", in the sum llf eqn (22) to calculate a second
set of B"",. The second set is again used in the sum to calculate a third set of B",,!. This
iteration continues until the kth result agrees with the (k + l)th tll the present 8-digit
accuracy criterion. For cllnverged results. both Gauss Seidel and Twersky's methods agree
with each other. The two methods diverge at the same places.

All subsequent numencal results arc presented for the case of a steel shell with a
thickness to radius ratio Iz (/ = 0.03 :;ubmerged in water and for an incident angle 1. = 0.2571:.
The observatIon point is at R = 100.0. 0 = 1.25n. and W= n. Results are obtained for a
large range of 0 (~k(/) as well as D. the norllla!i/ed distance of the spherical shell center
to the center of the image shell The values oj the material properties used are such that
:\1 = 4.27984 and C' = 17.79133. In the computatillns. \ = 40 is used for the results to
converge to 8-digits accuracy up to n = 25.0.

It is due to the term n"". eqn ( 14). representing the reflection of the scattered pressure
radiated from the shell that the coefncients Bn ,,, are coupled in 11 and consequently their
values have to be calculated by solving the simultaneous complex system in eqn (22).
Alternatively. it can be said that this is due to the repeated interactions between the real
and the image spherical clastic shells. To facilitate the evaluation of the interaction effects
due to the image spherical shelL the problem is first solved without the term n"'" and the
back scattered form function. eqn (30). based only on the scattered pressure emanating
I"rom the real shelL 11" u. is first plotted. It is clear from eqns (22) and ( 16) that the interaction
of the image spherical shell manifests itself through the term Q;""""I which is proportional
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Fig :2. Backscattcnng form function based on n'" only. without n"'" in the solution. for f) = :2.5.

to the spherical Hankel function h~(QD) which in turn has a modulus decreasing with QD.
It therefore follows that the interaction effects of the image spherical shell decrease either
with higher frequencies or with larger distances of the shell from the free surface. In other
words. the values of TI"" would approach those for the scattering of a spherical elastic shell
in an infinite boundless fluid medium as D or Q is increased. The backscattered farfield
form function is calculated at R = 100.0. (I = 1.25n and qJ = 7L Figure 2 presents this form
function vs Q (light solid curve) for the case where the apex of the spherical shell is 0.25
radius below the free surface (D = 2.5) and compares it to that of the same spherical shell
in an infinite fluid medium (heavy solid curve). It can be seen that the difference between
the two curves is very pronounced for the large amplitude low frequency resonances of the
echoes of the submerged elastic shell and after Q = 5.0 the difference tapers off quickly
with the increase of frequency. This demonstrates that the effect of the reflected scattered
pressure radiated by a submerged elastic structure in close proximity to the free surface is
significant. The resonance frequencies of the low frequency echoes shift upward as the shell
is placed closer to the free surface. This is shown more clearly in Fig. 3 using an enlarged
Q axis scale. This frequency shift phenomenon has been measured and calculated for cases
of vibrating bubbles near a free surface (Strasberg. 1953). Strasberg (1953) effectively
reasoned that this frequency shift is due to the decrease of added mass of the vibrating
object by the proximity of the free surface. From the fluid-structure interaction point of
view. the effect of f1uid added mass is quite significant for the low frequency vibrations of
submerged elastic structures. By the same reasoning. it can be expected that the low
resonance frequencies of a vibrating structure in the vicinity of a hard surface or another
structure will shift downward due to the increase of added mass. The present numerical
example is for a rather thick shell (ha = 0.(3). It is also expected that the frequency shift
could be more pronounced for thinner shells.

The corresponding two curves for the case where the apex of the spherical shell is 4
radii beneath the free surface (D = 10.()) is presented in Fig. 4. Here the effect of the
ref1ected scattered wave is insignificant on the magnitude of the form function. The effect
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forms an oscillation pattern due to the oscillating nature of ho(nD) in the term Q;"""", at
large rw as indicated in eqn (28). It is evident that the period of oscillation is 2n!D. The
same curves for the case in which the apex of the spherical shell is 9 radii beneath the free
surface (f) = 20,()) are plotted in Fig. 5 where it can be seen that the effect of the reflected
scattered pressure is very small and yet the signal of this oscillation pattern is still quite
clearly visible. Results for the case in which the apex of the spherical shell is 24 radii beneath
the free surface (D = 50.0) are also computed and when plotted in the same scale as Fig.
S. the effect of the reflected scattered pressure is no longer visible.

Hereafter. the reflected incident wave n'"'' is included in the calculations. As indicated
by eqns (10) and (29). there are phase t~lctors ei!lIJ,"" and e'IlW HI associated with nn", and
n" ,n. respectively. In the tnne domain. these phase !~lctors would imply different arrival
times I'llI' these two waves. As discussed earlier. there are three sets of repeatedly incident
waves acting on the spherical shell from different directions and with different phases.
therefore the successive interactions among the various reflected and creeping waves are
much more complex than in the infinite fluid medium case. Now the backscattering form
functions are calculated based on the sum of I1""+ n",n. Again. all back scattering form
functions are presented for 'l. = 0.257[. R = 100.0. Ii = I .25n and I.fJ = n. Figure 6 is a plot
(light sohd curve) for the case in \vhich the shell is in close proximity of the free surface
(D = 2.5) together with the corresponding form function (heavy solid curve) of the same
shell in an infinite fluid medium. Here. as shown earlier in Fig. 2. the effect of thc reflected
scattered pressure is signiticant at low frequency. With the participation of the renected
inCident plane wave. the magnitude of the echo averaged over frequency is roughly twice
that of the infinite medium case.

Figure 7 plots the corresponding two curves for the case in which the shell is relatively
far from the free surface (D = 20.0). Hac. although the etlect of the reflected scattered
pressure is negligible as shown in Fig. 5. some of the low frequency resonance peaks are
still twice the value 01" those 1"01' the infinite medium case due to the participation of the
surface-reflected incident plane wave. The highly oscillatory pattern is due to the phase
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factor e,nncn". This is the exact mathematical description of the Lloyd mirror effect of
elementary acoustics (Urick. 1967). Almost the same form function curve in Fig. 7 can be
obtained by a much simpler computation neglecting the sum on the left-hand side of eqn
(22).

In summary. the present paper has presented an exact analytical solution based on
modal series expansion for the title problem. This steady-state solution is obtained within
the framework of linear acoustics and is valid everywhere except when the shell is touching
the free surface. With minor modification. the mathematical formulation and numerical
solution method can be immediately applied to solve the corresponding problem for the
shell placed near a hard surface or for the scattering by two or more spherical elastic shells
of different sizes and properties. The numerical results also demonstrate that the low
resonance frequencies of a vibrating submerged structure shift upward with the proximity
of the free surface. The present solution could eventually be used to validate those found
by strictly numerical codes.
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